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1. Introduction
Spectral graph theory [1,6,7] studies properties of graphs using the spectrum of related matrices.
We consider only simple graphs (i.e. finite, undirected graphs without loops or multiple edges). Let
G = (VG, EG) be a simple graph on n vertices and m edges (so n = |VG| is its order, and m = |EG| is
its size). The most studied matrix associated with G appears to be adjacency matrix A = (aij) where
aij = 1 if vi and vj of the graph G are adjacent and 0 otherwise. Another well studied matrix is the
Laplacian, defined by L = D − A where D is the diagonal matrix with degrees of the vertices on the
main diagonal (see [1,12,17,19,22]). The least eigenvalue of L is zero, and the second least is known as
the algebraic connectivity of G. For other undefined notation and terminology for graph theory wemay
refer to [2].
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The matrix Q = D + A is called the signless Laplacian matrix of G (see [8]) and has attracted the
attention of many researchers. Computer investigations of graphs with up to 11 vertices [11] suggest
that the spectrum of D + A performs better than the spectrum of A or D − A in distinguishing non-
isomorphic graphs.
If N is the vertex-edge incidence matrix of G then
NNT = D + A, NTN = A(Lˆ(G)) + 2I,
where A(Lˆ(G)) is the adjacency matrix of the line graph Lˆ(G). In particular, D + A is positive semi-
definite. It is also easy to see that the matrix Q = D + A is real symmetric, the eigenvalues of Q can
be arranged as q1(Q)  q2(Q)  · · ·  qn(Q)  0, where q1(Q) is the signless Laplacian index of
graph G. Recently there is a lot of work on the signless Laplacian eigenvalues, especially the signless
Laplacian index of a graph. The papers [8–10] give a survey on thiswork. Several bounds for the signless
Laplacian eigenvalue can be found in [15,16,18,24,26], and the relations between this index and graph
parameters are discussed in [4,14,20,21,25,27–29]. Other work can be found in [23] for the Q-spread.
Here we are concerned with the least eigenvalue of Q = D + A, denoted by κ(G).
In [29], Zhu proposed the following problem concerning the signless Laplacian index: Given a set
of graphs G , find an upper bound for the signless Laplacian index and characterize the graphs in which
the maximal signless Laplacian index is attained. It is also natural to consider the following problem
concerning the least eigenvalue of the signless Laplacian:Given a set of graphsG , find a lower bound for
the least eigenvalue of the signless Laplacian and characterize the graphs inwhich the least eigenvalue
of the signless Laplacian is attained. The problem proposed by Zhu in [29] and the problem proposed
here by ourself are actually the signless Laplacian version of the classical Brualdi–Solheid problem
for the adjacency matrix; see [3]. We are surprised to see that relatively few articles on κ(G) have
appeared in the literature. Cardoso et al. [5] determined the unique graph with the minimum value
of the least eigenvalue of the signless Laplacian of a connected nonbipartite graph with a prescribed
number of vertices; Fan et al. [13] determined the unique graph whichminimizes the least eigenvalue
of the signless Laplacian over all mixed unicyclic graphs of fixed order. In this paper, we study the same
question for T cn , the set of the complements of all trees of order n.
Note that for a tree, its least eigenvalue of the signless Laplacian is exactly 0 as it is bipartite.
However, the complement of any tree is not bipartite if its order is greater or equal 5. On the other
hand, it is easy to see that the complement of the complete bipartite graph K1,n−1 contains an isolated
vertex. Hence, κ(Kc1,n−1) = 0. Consequently, in this paper it is interesting for us to determine the
unique graph having least eigenvalue of the signless Laplacian over T cn \{Kc1,n−1} for n  5.
2. Preliminaries
Denote the least eigenvalue of Q(G) by κ(G), and the corresponding eigenvectors are called the
least eigenvectors of G. For convenience, a graph is calledminimizing in a certain graph class if its least
eigenvalue of the signless Laplacian attains theminimum among all graphs in that class. Given a graph
G of order n, a vector X ∈ Rn is called defined on G, if there is a 1–1 map ϕ from VG to the entries of
X; simply written by Xu = ϕ(u) for each u ∈ VG . If X is an eigenvector of Q(G), then it is naturally
defined on VG , Xu is the entry of X corresponding to the vertex u. One can find that
XTQX = ∑
uv∈EG
(Xu + Xv)2 (2.1)
and λ is an signless Laplacian eigenvalue of G corresponding to the eigenvector X if and only if X = 0
and for each vertex v ∈ VG ,
(λ − d(v))Xv =
∑
u∈NG(v)
Xu, (2.2)
where NG(v) denotes the neighborhood of v in the graph G. Eq. (2.2) is called the eigenvalue-equation
for the graph G. In addition, for an arbitrary unit vector X ∈ Rn,
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Fig. 1. Graph T(p, l, q) with p + l + q = n − 2, l ≥ 0.
κ(G) = min(XTQ(G)X)  XTQ(G)X (2.3)
with equality if and only if X is a least eigenvector of G.
Denote by Gc the complement of a graph G. It is easily seen that Q(Gc) = (n − 2)I + J − Q(G),
where J,Q , respectively, denote the all-ones matrix and the signless Laplacian matrix both of suitable
sizes. So for any vector X , one has
XTQ(Gc)X = XT ((n − 2)I + J)X − XTQ(G)X. (2.4)
A star, denoted by K1,n, is a tree of order n + 1 obtained by joining one specified vertex to each of
other n vertices. Given a tree T with u, v ∈ VT , let dT (u, v) be the distance between u and v in T . We
introduce a special tree, denoted by T(p, l, q), which is obtained from two disjoint stars K1,p (p  0)
and K1,q(q  0) by joining the center vertex of K1,p and K1,q by a path of length l+ 1(l  0). T(p, l, q)
is depicted in Fig. 1 with some vertices labeled.
Lemma 2.1 [8]. The least signless Laplacian eigenvalue of a connected graph G is 0 if and only if G is
bipartite.
Lemma 2.2 [8]. The multiplicity of signless Laplacian eigenvalue 0 of a graph G is equal to the number of
bipartite components of G.
Hence, by Lemma 2.2, if the number of bipartite components of G is zero, the multiplicity of 0 as a
signless Laplacian eigenvalue is zero.
Lemma 2.3. Given a simple graph G, κ(G)  δ(G), where δ(G) = min{dv, v ∈ VG} .
Proof. Let dv1 := δ(G) = min{dvi , vi ∈ VG, i = 1, 2, . . . , n}. For X = (1, 0, 0 . . . 0)T , by (2.1) and
(2.3), we have
κ(G)  XTQ(G)X = ∑
vivj∈EG
(Xi + Xj)2 = δ(G),
as desired. 
Lemma 2.4. For any T ∈ Tn with n  5, the least signless Laplacian eigenvalue of Tc is 0 if and only if
T ∼= K1,n−1.
Proof. If T ∈ Tn\{K1,n−1} with n ≥ 5, then T is a connected bipartite graph, and no cycles and more
than one vertex in each of the two color classes. Hence, there exist at least 3 vertices in one of the two
color classes and at least a pair of nonadjacent vertices, each one in a different color class (otherwise
we have cycles). Therefore, Tc is connected and has a triangle (that is, is connected and no bipartite).
Hence, our result follows directly from Lemmas 2.1 and 2.2. 
Lemma 2.5. Given n  5, for any positive integers p, q such that p  q  2 and p+ q = n− 2, one has
κ(T(p, 0, q)c) > κ(T(p + 1, 0, q − 1)c).
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Fig. 2. Graph T(p, 0, q) with p + q = n − 2.
Proof. Let T(p, 0, q) be the graph as depicted in Fig. 2 with some vertices labeled. Let X be a least
eigenvector of T(p, 0, q)c . By the eigenvalue-equations (2.2), as κ(T(p, 0, q)c) > 0, all the pendant
vertices attached at v2 have the same values given by X , say X1. Similarly all the pendant vertices
attached at v3 have the same values, say X4. Write Xvi =: Xi for i = 2, 3 and κ(T(p, 0, q)c) := λ1
simply. Then by eigenvalue-equations on vi for i = 1, 2, 3, 4, we get
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(λ1 − (p + q))X1 = (p − 1)X1 + X3 + qX4
(λ1 − q)X2 = qX4
(λ1 − p)X3 = pX1
(λ1 − (p + q))X4 = pX1 + X2 + (q − 1)X4.
(2.5)
Transform (2.5) into a matrix equation (λ1I − B)XT = 0, where X = (X1, X2, X3, X4) and the matrix
B of order 4 is easily seen and is omitted. Let f (λ; p, q) := det(λI − B), then we have
f (λ; p, q) = −p(λ + λ2 − pλ − 2q − 3qλ + pq + 2p2) + (λ − p)(q(−1 − λ + 2p + q)
+ (λ − q)(1 + λ − p − 2q)(1 + λ − 2p − q) − pq).
This gives
f (0; p, q) = 2pq(p + q − 1)(p + q − 2) > 0
and
f (λ; p, q) − f (λ; p + 1, q − 1)
= (p − q + 1)(2p2 + 4pq − 3pλ − 6p + 2q2 − 3qλ − 6q + λ2 + 6λ + 4)
= (p − q + 1)((λ − (p + q − 2))(λ − 2(p + q − 2)) + 2(p + q − 2)).
Note that by Lemmas 2.3 and 2.4 we have λ1 is a least root of f (λ; p, q) with 0 < λ1  δ(Tc)  q.
In addition, since p  q, we have f (λ; p, q)− f (λ; p+1, q−1) > 0. In particular, f (λ1; p+1, q−
1) < 0, which implies
κ(T(p, 0, q)c) > κ(T(p + 1, 0, q − 1)c).
The result now follows. 
Remark. Lemma 2.5 implies that
κ(T(p, 0, q)c) > κ(T(p + 1, 0, q − 1)c) > · · · > κ(T(n − 3, 0, 1)c) = κ(T(n − 3, 1, 0)c),
the last equality follows by T(n − 3, 0, 1) ∼= T(n − 3, 1, 0).
Lemma 2.6. Given n  5, for any positive integers p, q such that p  q  1 and p+ q = n− 3, one has
κ(T(p, 1, q)c) > κ(T(p + 1, 1, q − 1)c) > · · · > κ(T(n − 3, 1, 0)c).
Proof. Let T(p, 1, q) be the graph as depicted in Fig. 3 with some vertices labeled. Let X be a least
eigenvector of T(p, 1, q)c . By the eigenvalue-equations (2.2), as κ(T(p, 1, q)c) > 0, all the pendant
vertices attached at v2 have the same values given by X , say X1. Similarly all the pendant vertices
attached at v4 have the same values, say X5. Write Xvi =: Xi for i = 2, 3, 4 and κ(T(p, 1, q)c) := λ1
simply. Then by eigenvalue-equations on vi for i = 1, 2, 3, 4, 5, we get
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Fig. 3. Graph T(p, 1, q) with p + q = n − 3.
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(λ1 − (p + q + 1))X1 = (p − 1)X1 + X3 + X4 + qX5
(λ1 − q − 1)X2 = X4 + qX5
(λ1 − (p + q))X3 = pX1 + qX5
(λ1 − p − 1)X4 = pX1 + X2
(λ1 − (p + q + 1))X5 = pX1 + X2 + X3 + (q − 1)X5.
(2.6)
Transform (2.6) into a matrix equation (λ1I − B)XT = 0, where X = (X1, X2, X3, X4, X5) and the
matrix B of order 5 is easily seen and is omitted. Let g(λ; p, q) := det(λI − B). Then
g(0; p, q) = −2((−1 + q)q3 + p4(1 + q) + p2q(−4 + 2q + 3q2)
+ p3(−1 + 2q + 3q2) + pq(2 − 4q + 2q2 + q3)) < 0
and
g(λ; p+1, q−1)− g(λ; p, q) = (p− q+1)(p+ q−λ−1)(2p+2q−λ−4)(p+ q−λ+1).
Note that by Lemmas 2.3 and 2.4, we have 0 < λ1  δ(Tc)  q+ 1 is a least root of g(λ; p, q). On
the other hand, if p  q, then g(λ; p+1, q−1)−g(λ; p, q) > 0. In particular, g(λ1; p+1, q−1) > 0,
which implies
κ(T(p, 1, q)c) > κ(T(p + 1, 1, q − 1)c).
The result now follows. 
Lemma 2.7. If {Xn} is a non-increasing sequence with X1 > 0, Xn < 0. Then for any 1  i, j 
n, (Xi + Xj)2  max{(Xi + X1)2, (Xi + Xn)2} and (Xi + Xj)2  max{(Xj + X1)2, (Xi + Xn)2}.
Proof. For any 1  i, j  n, if Xi + Xj  0, then by the monotone of {Xn},
0  Xi + Xj  Xi + X1, 0  Xi + Xj  Xj + X1.
Hence,
(Xi + Xj)2  (Xi + X1)2, (Xi + Xj)2  (Xj + X1)2.
Similarly if Xi + Xj  0, we have
0  Xi + Xj  Xi + Xn,
then
(Xi + Xj)2  (Xi + Xn)2.
This completes the proof. 
3. Main results
In this section, we determine the unique graph with the least eigenvalue of the signless Laplacian
among the set of graphs T cn \{Kc1,n−1}.
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Theorem 3.1. Given n  5 , for any T ∈ Tn\{K1,n−1}, one has
κ(Tc)  κ(T(n − 3, 1, 0)c)
with equality if and only if T ∼= T(n − 3, 1, 0).
Proof. First we show the following claim. 
Claim. For any T ∈ Tn\{K1,n−1}, there exists some integers p, q, l with 0  p, q  n − 2, p + q + l =
n − 2, 0  l  1, such that
κ(Tc)  κ(T(p, l, q)c).
Proof of the Claim. Let X be the least eigenvector of Tc with unit length. Then X is naturally defined
on the vertices of Tc and T , by (2.2) and Lemma 2.3 we know that X contains both positive entries and
negative entries. Then we can get a sequence {Xun} such that
Xu1  Xu2  · · ·  0  · · ·  Xun , Xu1 > 0, Xun < 0.
First we consider l = dT (u1, un)−1 > 2. Let the path u1Tun := u1 . . . v1uv2 . . . un. For any v ∈ VT ,
by Lemma 2.7 we have (Xu + Xv)2 ≤ max{(Xu + Xu1)2, (Xu + Xun)2}. If
(Xu + Xu1)2  (Xu + Xun)2,
then delete the edge uv1 and add the edge uu1; otherwise delete the edge uv2 and add the edge uun.
Then we get a T∗ such that l∗ := dT∗(u1, un) − 1 < l. In this case we have
∑
uiuj∈ET
(Xui + Xuj)2 
∑
uiuj∈ET∗
(Xui + Xuj)2.
Repeat this process until l = dT (u1, un) − 1  2. In the resultant graph, if there exists a pendant
vertex u, whose neighbor v is neither u1 nor un satisfying
(Xu + Xu1)2  (Xu + Xun)2,
then delete uv and add uu1; otherwise delete uv and add uun. Repeat this rearranging until T
′ ∼=
T(p, l, q), 0  l  2. By Lemma 2.7 we have
∑
uiuj∈ET
(Xui + Xuj)2 
∑
uiuj∈ET ′
(Xui + Xuj)2.
Now consider l = dT (u1, un) − 1 = 2; see Fig. 4. If (Xu1 + Xuj)2  (Xui + Xun)2, delete the edge
uiuj and add the edge uju1, otherwise delete the edge uiuj and add the edge uiun. By Lemma 2.7 we
have
∑
uiuj∈ET(p,2,q)
(Xui + Xuj)2 ≤
∑
uiuj∈ET(p+1,1,q)
(Xui + Xuj)2, or
∑
uiuj∈ET(p,2,q)
(Xui + Xuj)2 
∑
uiuj∈ET(p,1,q+1)
(Xui + Xuj)2.
Fig. 4. Graph T(p, 2, q) with p + q = n − 4.
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Hence, for any T ∈ Tn\{K1,n−1}, there exist some integers p, q, lwith 0  p, q  n−2, p+q+ l =
n − 2, 0  l  1, such that
κ(Tc) = XTQ(Tc)X
= XT ((n − 2)I + J)X − XTQ(T)X
 XT ((n − 2)I + J)X − XTQ(T(p, l, q))X
≥ XTQ(T(p, l, q)c)X
≥ κ(T(p, l, q)c).
This completes the proof of the Claim. 
By Lemmas 2.5 and 2.6, we have
κ(T(p, 0, q)c) > κ(T(p + 1, 0, q − 1)c) > · · · > κ(T(n − 3, 0, 1)c) = κ(T(n − 3, 1, 0)c)
and
κ(T(p, 1, q)c) > κ(T(p + 1, 1, q − 1)c) > · · · > κ(T(n − 3, 1, 0)c)
Hence, given n  5, for any T ∈ Tn\{K1,n−1}, one has
κ(Tc)  κ(T(n − 3, 1, 0)c),
with equality if and only if T ∼= T(n − 3, 1, 0). 
Acknowledgements
The authors would like to express their sincere gratitude to the referee for a very careful reading
of this paper and for all his/her insightful comments, which lead a number of improvements to this
paper.
References
[1] W.N. Anderson, T.D. Morley, Eigenvalues of the Laplacian of a graph, Linear and Multilinear Algebra 18 (1985) 141–145.
[2] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications, American Elsevier Publishing Co., New York, 1976.
[3] R.A. Brualdi, E.S. Solheid, On the spectral radius of connected graphs, Publ. Inst. Math. (Beograd) 39 (53) (1986) 45–53.
[4] G.X. Cai, Y.Z. Fan, The signless Laplacian spectral radius of graphs with given chromatic number, Appl. Math. 22 (2009) 161–167.
[5] D.M. Cardoso, D. Cvetkovic´, P. Rowlinson, S. Simic´, A sharp lower bound for the least eigenvalue of the signless Laplacian of a
non-bipartite graph, Linear Algebra Appl. 429 (2008) 2770–2780.
[6] F.R.K. Chung, Spectral graph theory, Published for the Conference Board of the Mathematical Sciences, Washington, DC, 1997.
[7] D.M. Cvetkovic´, M. Doob, H. Sachs, Spectra of Graphs Theory and Applications, third ed., Johann Ambrosius Barth, Heidelberg,
1995.
[8] D. Cvetkovic´, P. Rowlinson, S. Simic´, Signless Laplacians of finite graphs, Linear Algebra Appl. 423 (2007) 155–171.
[9] D. Cvetkovic´, S. Simic´, Towards a spectral theory of graphs based on the signless Laplacian, II, Linear Algebra Appl. 432 (2010)
2257–2272.
[10] D. Cvetkovic´, S. Simic´, Towards a spectral theory of graphs based on the signless Laplacian, I, Publ. Inst. Math. (Beograd) 85 (99)
(2009) 19–33.
[11] E.R. vanDam, W.H. Haemers, Which graphs are determined by their spectrum? Linear Algebra Appl. 373 (2003) 241–272.
(Special issue on the Combinatorial Matrix Theory Conference (Pohang, 2002)).
[12] M. Fiedler, A property of eigenvectors of nonnegative symmetric matrices and its application to graph theory, Czechoslovak
Math. J. 25 (1975) 607–618.
[13] Y.Z. Fan, S.C. Gong, Y. Wang, Y.B. Gao, First eigenvalue and first eigenvectors of a nonsingular unicyclic mixed graph, Discrete
Math. 309 (2009) 2479–2487.
[14] Y.Z. Fan, D. Yang, The signless Laplacian spectral radius of graphs with given number of pendant vertices, Graphs Combin. 25
(2009) 291–298.
[15] Y.Z. Fan, B.S. Tam, J. Zhou,Maximizing spectral radius of unoriented Laplacianmatrix over bicyclic graphs of a given order, Linear
and Multilinear Algebra 56 (2008) 381–397.
[16] L.H. Feng, G.H. Yu, On three conjectures involving the signless Laplacian spectral radius of graphs, Publ. Inst. Math. (Beograd)
85 (2009) 35–38.
[17] L.H. Feng, Q. Li, X.D. Zhang,Minimizing the Laplacian spectral radius of treeswith givenmatchingnumber, Linear andMultilinear
Algebra 55 (2) (2007) 199–207.
S. Li, S. Wang / Linear Algebra and its Applications 436 (2012) 2398–2405 2405
[18] P.Hansen, C. Lucas, Boundsandconjectures for the signless Laplacian indexof graphs, LinearAlgebraAppl. 432 (2010)3319–3336.
[19] Y. Hong, X.D. Zhang, Sharp upper and lower bounds for largest eigenvalue of the Laplacian matrices of trees, Discrete Math. 296
(2005) 187–197.
[20] S.C. Li, M.J. Zhang, On the signless Laplacian index of cacti with a given number of pendent vertices, Linear Algebra Appl. (2011)
doi:10.1016/j.laa.2011.03.065.
[21] J. Liu, B. Liu, The maximum clique and the signless Laplacian eigenvalues, Czechoslovak Math. J. 58 (2008) 1233–1240.
[22] R. Merris, Laplacian matrices of graphs: a survey, Linear Algebra Appl. 197/198 (1994) 143–176.
[23] C.S. Oliveira, L.S. de Lima, N.M.M. de Abreu, S. Kirkland, Bounds on the Q-spread of a graph, Linear Algebra Appl. 432 (2010)
2342–2351.
[24] C.S. Oliveira, L.S. de Lima, N.M.M. de Abreu, P. Hansen, Bounds on the index of the signless Laplacian of a graph, Discrete Appl.
Math. 158 (2010) 355–360.
[25] B.S. Tam, Y.Z. Fan, J. Zhou, Unoriented Laplacian maximizing graphs are degree maximal, Linear Algebra Appl. 429 (2008) 735–
758.
[26] J.F. Wang, Q.X. Huang, F. Belardo, E.M.L. Marzi, On graphs whose signless Laplacian index does not exceed 4.5, Linear Algebra
Appl. 431 (2009) 162–178.
[27] G.H. Yu, On the maximal signless Laplacian spectral radius of graphs with given matching number, Proc. Japan Acad. Ser. A 84
(2008) 163–166.
[28] X.D. Zhang, The signless Laplacian spectral radius of graphs with given degree sequences, Discrete Appl. Math. 157 (2009)
2928–2937.
[29] B.X. Zhu, On the signless Laplacian spectral radius of graphs with cut vertices, Linear Algebra Appl. 433 (2010) 928–933.
